Magneto-optical (MO) effects have been known for more than a century as they reflect the basic interactions between light and magnetism. The origin of MO effects is usually ascribed to the simultaneous presence of band exchange splitting and spin-orbit coupling. Using a tight-binding model and first-principles calculations, we show that topological MO effects, in analogy to the topological Hall effect, can arise in noncoplanar antiferromagnets entirely due to the scalar spin chirality instead of spin-orbit coupling. The band exchange splitting is not required for topological MO effects. Moreover, we discover that the Kerr and Faraday rotation angles in two-dimensional insulating noncoplanar antiferromagnets can be quantized in the low-frequency limit, implying the appearance of quantum topological MO effects, accessible by time-domain THz spectroscopy.
Magneto-optical (MO) effects, referring to changes in the polarization state of light upon interacting with magnetic matter, are one of the most basic phenomena in solid-state physics. In 1846, Faraday discovered the first MO phenomenon that the plane of linearly polarized light is rotated after passing through a piece of glass exposed to an external magnetic field [1] . Thirty years later, Kerr found the corresponding effect in the reflected light [2] . MO effects, represented by the MO Faraday and Kerr effects (MOFE and MOKE), not only helped in establishing Maxwell's theory of electromagnetism in the late 19th century but provided also an exquisite technology for modern high-density data storage since the fifties of last century [3, 4] . Now, they have matured into appealing and widely-used spectroscopic tools used to, e.g., visualize magnetic domains [5, 6] , detect and manipulate magnetic order [7, 8] , and measure ferromagnetism in two-dimensional (2D) systems [9, 10] .
The origin of MO effects has long been deemed to be the interplay between band exchange splitting (BES) and spin-orbit coupling (SOC) [10, [12] [13] [14] . As an essential consequence of the Zeeman effect, BES is induced by either an external magnetic field or the spontaneous magnetization. SOC further splits the bands so that the orbital motion of spin-polarized electrons couples to incident polarized light. The simultaneous presence of BES and SOC results in a different response to left-and right-circularly polarized light in magnetic media as manifested in MOFE and MOKE. However, the time has come to re-examine this general belief.
Time-reversal (T ) symmetry is broken in both ferromagnets (FMs) and antiferromagnets (AFMs), but the BES is not intuitively associated with the latter because of zero net magnetization. In fact, if there is no spatial symmetry operation (S) that combines with T (i.e., the T S) to preserve Kramers degeneracy, the BES exists in AFMs as well. This is the reason for the unexpected MOKE [6, 15] and anomalous Hall effect (AHE) [16, 17] in the kagome lattice with a coplanar noncollinear antiferromagnetic order. However, BES cannot always lead to MO effects. It has been demonstrated that only the BES accompanied by the T I (I is spatial inversion) symmetry breaking can generate the MOKE in the honeycomb lattice with a collinear Néel-type antiferromagnetic order [18] . A similar scenario is realized in multiferroic materials, in which T and I symmetries are broken due to magnetic and ferroelectric orders, respectively [19] . In this sense, BES is a necessary but not sufficient condition for the appearance of MO effects.
On the other hand, it is usually believed that MO effects necessitate SOC. Within the Berry phase theory [20] , the SOC (complemented by the T symmetry breaking) generates a nonzero Berry curvature in the momentum space, which acts as a fictitious magnetic field that induces an anomalous velocity of the electrons. This gives rise to the AHE and the MO effects. Alternatively, the fictitious magnetic field can be provided by scalar spin chirality χ ijk = S i · ( S j × S k ) (where S i , S j , and S k denote three noncoplanar spins) [21] [22] [23] . In analogy to the topological Hall effect, this implies that topological magneto-optical (TMO) effects originating from the spin chirality rather than SOC could exist. However, the TMO effects have not yet been evidenced in real materials (especially in AFMs with zero net magnetization) for which the influence of SOC on the electronic structure is irrelevant.
In the present work, using a tight-binding model and firstprinciples calculations, we demonstrate that the TMO effects can arise in fully compensated noncoplanar antiferromagnets (nc-AFMs) in the absence of SOC. In contrast to usual wisdom, BES is not indispensable for their emergence. Moreover, we discover that quantum topological magneto-optical (QTMO) effects can be realized in 2D insulating nc-AFMs, where the Kerr rotation angle is quantized to π/2 and the Faraday rotation angle presents the product of Chern number and fine structure constant. We thereby reveal that nc-AFMs can provide an exciting platform for experimental observation and exploration of exotic axion physics. Let us start with the TMO effects by considering the example of a three-dimensional (3D) face-centered-cubic (fcc) lattice, as shown in Fig. 1(a) . Namely, we focus on the socalled 3Q spin structure [22] , for which four magnetic sublattices form of a regular tetrahedron, and the spin on each sublattice points to the center of the tetrahedron, resulting in a fully compensated nc-AFM. To describe conduction electrons interacting with the localized spin moments S i (| S i | = 1), the Hamiltonian is expressed by the Kondo lattice model:
Here, c † iα (c iα ) is the electron creation (annihilation) operator on site i with spin α, σ is the vector of Pauli matrices, t ij = t (t ) denotes the nearest-neighbor transfer integral within (between) the (111) planes, and J is the on-site exchange coupling. In order to activate the TMO effects in the 3D fcc lattice, a proper distortion δ, such as along the [111] direction [24] , has to be applied. The reasons will be discussed in the following.
For the 3D fcc lattice, the distortion is used to generate a nonzero fictitious magnetic field [22] . Considering each face of the tetrahedron, the three noncoplanar spins provide a fictitious magnetic flux b f ∝ t 3 χ ijknf , where t 3 = t ij t jk t ki is the successive transfer integral along a loop i → j → k → i, χ ijk is the scalar spin chirality, andn f is a unit vector normal to the face. The total fictitious magnetic filed is the vector sum of the magnetic flux on the four faces of the tetrahedron, i.e., B = 4 f =1 b f . In the undistorted case, B is zero because the four b f cancel each other exactly (see Fig. 1(a) ). After a uniaxial deformation, e.g., along the [111] direction, is introduced, the fictitious field is B = Bn [111] with B = 0 and the unit vectorn [111] pointing into the [111] direction. The nonzero anomalous Hall conductivity (AHC) σ xy as well as orbital magnetization are therefore expected [3, 22] .
The role of distortion can be understood in a more fundamental way from the symmetry point of view. In fact, the shape of linear response tensors can be fully determined by a group-theoretical analysis [26] . The magnetic point group (MPG) of the 3D fcc nc-AFM is m3m [27, 28] , which forbids nonzero σ xy [29, 30] . The distortions considered here remove all the symmetries containing fourfold rotations and the MPG is lowered to31m . The important result is that nonzero off-diagonal elements of conductivity, i.e., σ xy = −σ yx , appear [31] . Notably, the bands are spin degenerate even after the distortion (see Fig. 2(a) ). This degeneracy is guaranteed by a fractional lattice translation combined with a pure spin rotation and it can be split by the SOC [32] .
To confirm the symmetry analysis, we calculated the optical Hall conductivity (OHC) using the Kubo formula [8] ,
where v i is the ith Cartesian component of the velocity operator, nk is the energy of the nth band at Bloch vector k, f nk is the Fermi-Dirac distribution function, ω is the photon energy, and η is an adjustable smearing parameter. Figure 2 (b) shows the real and imaginary parts of σ xy (ω) computed for the model given by Eq. (1). Even though the bands are always spin degenerate, σ xy (ω) turns out to be nonzero if the distortion is applied (δ = 1), and it increases with increasing |δ −1|. Upon inverting the direction of distortion, σ xy (ω) changes its sign. The nonzero σ xy (ω) promises the appearance of Kerr and Faraday effects (see Eqs. (5) and (6)). The real part of the OHC at zero frequency, i.e., the σ R xy (0), is nothing but the AHC. It is evident that both σ R xy (0) and B are proportional in δ, and hence σ R xy (0) ∝ B (see the inset of Fig. 2(b) ). The AHE and MO effects originating from the spin chirality rather than the SOC can be called topological Hall effect and TMO effects, respectively. In addition, the TMO effects differ fundamentally from the conventional MO effects as they do not rely on BES.
After uncovering the TMO effects, we turn to discussing how their quantization, i.e., the QTMO effects, can be realized. To do this, we consider 2D nc-AFMs and in particular here a 2D triangular lattice, shown in Fig. 1(b) , in which the 3Q spin structure still exist. By parallel transporting the four spins to have a common origin, we realize that they span a solid angle of 4π (see Fig. 1(c) ). It becomes intuitively clear that the nontrivial spin texture can in principle give rise to quantized Hall transport [34] . The band structure and the AHC of the 2D triangular lattice are illustrated in Fig. 2(c) . As compared to the 3D fcc lattice, while the spin degeneracy of the bands remains, local band gaps occur between each pair of degenerate bands characterized by the Chern number C = ±1 and a quantized AHC σ xy = Ce 2 /h. The global band gap at 1/4 filling is closed when J/t < 0.7, while the one at 3/4 filling survives for arbitrarily small J/t and hence holds a spontaneous quantum Hall effect [35, 36] . This intriguing quantum state, originating from the spin chirality instead of the SOC, is called quantum topological Hall (QTH) insulator [5] . Since the MPG of the 2D triangular lattice is31m , nonzero σ xy (ω) is allowed (see Fig. 2(d) ). This implies that the TMO effects can exist in a QTH insulator.
Even more remarkably, the TMO effects emerging in the QTH insulators should be quantized in the low-frequency limit. The physics behind is that for the QTH insulator, in analogy to the Chern insulator, the Maxwell's equations are modified by adding the magnetoelectric (axion) term (Θα/4π
2 )E · B into the usual Lagrangian [38] . The magnetoelectric polarizability (axion angle) Θ is quantized modulo 2π and in particular, Θ = π and Θ = 0 classify topologically nontrivial and trivial insulators, respectively. By combining the modified Maxwell's equations and the freestanding slab geometry, one finds that in the low-frequency limit ( ω E g , where E g is the topologically nontrivial band gap) the Kerr and Faraday rotation angles in QTH insulators can be written as [39] [40] [41] ,
where c is the velocity of light in vacuum. Since the AHC σ R xy (ω → 0) = Ce 2 /h (C = 1 for the 2D triangular lattice), the quantized Kerr and Faraday angles occur inevitably with [42] [43] [44] [45] [46] .
Armed with the above insights from the model arguments, we now consider real materials by taking γ-Fe x Mn 1−x and K x RhO 2 as prototypes that exhibit the TMO and the QTMO effects, respectively. The details of the first-principles calculations are described in Ref. [47] . Disordered γ-Fe x Mn 1−x alloys exhibit the 3Q spin structure in a fcc lattice (see Fig. 1(a) and Fig. S1(b) in Ref. [47] ) if the concentration x ranges from 0.4 to 0.8, as evidenced by neutron diffraction measurements [48, 49] . Under distortions along the [111] direction, the band structures without SOC are doubly degenerate (Figs. S2(a) and S2(b)), while AHC (Fig. S2(c) ) and OHC (Fig. S3 ) turn out to be nonzero. Since the threefold rotational symmetry is preserved, the complex Kerr angle in polar geometry is given by [9, 15] ,
where θ K and K are the Kerr rotation angle and ellipticity, respectively. The complex Faraday angle reads [51] [52] [53] [54] ,
where l is the thickness of the thin film and n ± = [1 + 4πi ω (σ xx ± iσ xy )] 1/2 are the complex refractive indices. The intraband contributions are considered by adding the Drude term to σ xx (ω) (Fig. S4) . The Kerr and Faraday rotation angles, depicted in Figs. 3(a) and 3(b) , clearly depend on the distortion. Their values are not changed after the SOC is switched on (see Fig. S5 , taking δ = 0.95 as an example). This signifies the emergence of the TMO effects rooting entirely in the spin chirality, similarly to the topological The OHC of K0.5RhO2 (AA and AA' stackings) and RhO2 ML. The results of K0.5RhO2 are scaled by the length of crystallographic z axis. For RhO2 ML, the Fermi energy is moved upward to the topologically nontrivial band gap Eg (see Fig. S9 ). (e,f) The Kerr and Faraday rotation angles of K0.5RhO2 (AA and AA' stackings) and RhO2 ML. The dash-dotted vertical lines indicate the Eg of the AAstacked K0.5RhO2 (0.22 eV) and RhO2 ML (0.13 eV). The shaded area marks the low-frequency limit (e.g., ω < 0.1E ML g 13 meV), in which the QTMO effects can be measured by THz spectroscopy. The SOC is not included in (a-f). orbital magnetization and topological Hall effect occurred in γ-Fe x Mn 1−x [3, 55] . The discovery here differs from the case of the pyrochlore ferromagnet Nd 2 Mo 2 O 7 [56] , in which both the spin chirality and the SOC contribute to the MOKE. The magneto-optical strength (MOS) for the Kerr and Faraday effects, defined by MOS K,F = ∞ 0 + |θ K,F |dω, can be used to analyze the whole trend of MO effects [52, 53] . Fig. 3(c) illustrates the dependence of topological Kerr and Faraday effects on the distortion. The linear relation can be established if the distortion is sufficiently small. Moreover, the TMO effects depend strongly on spin texture but weakly on alloy concentrations (Figs. S6 and S7) . K x RhO 2 crystallizes in the γ-Na x CoO 2 -type structure where two RhO 2 monolayers (MLs) and two K ions layers stack alternately along the crystallographic z axis [57] [58] [59] . The RhO 2 ML is a 2D nc-AFM in the sense that the Rh atoms are arranged on a triangular lattice with the 3Q spin structure (see Fig. S1 (f) and Fig. 1(b) ). When x = 0.5, an insulating gap emerges because the a 1g orbitals of the Rh 3.5+ (4d 5.5 ) ions have a filling factor of 3/4 under the trigonal deformation of RhO 2 octahedron. K 0.5 RhO 2 was predicted to be a QTH insulator with the Chern number C = 2 because two RhO 2 MLs have identical spin structures (Fig. S1(d) , refer to the AA stacking) and each of them contributes C = 1 [5] . When inverting all spins in one RhO 2 ML, the Chern number will flip its sign (i.e., C = −1). Hence, K 0.5 RhO 2 having opposite spins in two RhO 2 MLs (Fig. S1(e) , refer to the AA' stacking) is a normal insulator with C = 0 (see Fig. S8 ). Before assessing the MO effects, we need to calculate the optical conductivity. In Fig. 3(d) , σ R xy displays quantized behavior in the low-frequency limit, while σ R xx as well as the imaginary parts σ I xy and σ I xx tend to be zero when ω → 0 (Fig. S10) . The Kerr and Faraday rotation angles in the QTH insulator are defined by,
where E r,t
y are the left (−) and right (+) circularly polarized components of the reflected (r) and transmitted (t) electric fields. For a QTH insulator film with a thickness much shorter than the incoming light wavelength, the outgoing electric fields read [60] 
with A = 1/ (2 + 2σ xx ) 2 + (2σ xy ) 2 . In the low-frequency limit, since σ (7)- (9) can be recovered to Eqs. (3) and (4). Figs. 3(e) and 3(f) confirm the existence of QTMO effects, that is, θ K −π/2 and θ F Cα. This conclusion is independent on the SOC (Fig.  S10) . To measure the quantized MO effects, the frequency should be much smaller than the E g [40, 60] . The QTMO effects proposed in the RhO 2 ML could be experimentally observed when the frequency is below 3 THz ( 13 meV). The powerful tool of time-domain THz spectroscopy can be used to explore such kinds of quantized MO effects [42] [43] [44] [45] [46] . Moreover, the quantized MO effects are intimately related to the quantized magnetoelectric effects, both of which present the axion electrodynamics in condensed matter [38] . Thus, our work provides an antiferromagnetic material platform for exploring the exotic axion physics.
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S1. Details of the first-principles calculation
We perform calculations of the electronic structure of the noncoplanar antiferromagnetic materials γ-Fe x Mn 1−x and K x RhO 2 within density-functional theory. The used first-principles computational parameters for these two cases are as follows:
(1) γ-Fe x Mn 1−x . The self-consistent calculations of charge and spin densities are performed within the full-potential linearized augmented-plane-wave (FLAPW) method, as implemented in the Jülich FLAPW code (FLEUR) [1] . The virtual crystal approximation is used to describe the disordered alloys by adapting the nuclear numbers under conservation of charge neutrality. Exchange and correlation effects are treated in the generalized gradient approximation of the Perdew-Burke-Ernzerhof (PBE) functional [2] . A Monkhorst-Pack k-mesh of 12 × 12 × 12 is used for sampling the first Brillouin zone. The muffin-tin radius and the plane-wave cutoff are set to 2.29 Bohr and 3.80 Bohr −1 , respectively. The lattice constant of fcc γ-Fe x Mn 1−x is chosen as 6.86 Bohr [3] . In order to activate the magneto-optical effects, a compressive or tensile distortion along the [111] direction is needed. The distortion is defined as δ = d /d, where d and d refer to the distance between adjacent (111) planes in the distorted and undistorted case, respectively. The tendency of lateral changes of the system in response to the applied distortion is accounted for via the Poisson effect. The magnitude of the converged spin moments in the undistorted 3Q state amounts to 2.21 µ B , and hardly changes (<0.2 µ B ) under moderate strain or different spin structures.
(2) K x RhO 2 . The self-consistent calculations for charge and spin densities are performed by the projector augmented wave method, as implemented in the Vienna ab initio simulation package (VASP) [4] . Exchange and correlation effects are treated in the generalized gradient approximation of the PBE functional [2] .
4 are used for K, Rh, and O atoms, respectively. The GGA+U scheme with the effective Coulomb energy U eff = U − J = 2.0 eV is applied for Rh 4d orbital to account for its Coulomb correlation effect [5] . The experimental lattice constants (a = 3.065Å and c = 13.600Å) [6] are used, whereas the atomic positions are theoretically optimized until the forces on each atom less than 0.02 eVÅ −1 . The noncoplanar antiferromagnetic state studied here lives in a 2 × 2 × 1 supercell, which has four magnetic sublattices on one RhO 2 monolayer [5] . The 50% concentration of K ions (x = 0.5) is simulated by removing four valence electrons in the unit cell (average 0.5 electrons per K ion). During the process of the self-consistent calculations, a jellium background with the opposite charge is introduced accordingly to keep the charge neutrality. The resulting valence states of cations are K 0.5+ and Rh 3.5+ such that the a 1g band (split from the t 2g bands) of Rh 4d orbital has a 3/4 filling exactly. For RhO 2 monolayer, a vacuum region more than 15Å is used to avoid the interactions between adjacent layers. The plane-wave energy cutoff is set to be 520 eV for both K 0.5 RhO 2 and RhO 2 monolayer, whereas the Monkhorst-Pack k-meshes of 9 × 9 × 5 and 18 × 18 × 1 are used for sampling their first Brillouin zones, respectively. The local spin moments of Rh ions are converged to be 0.24 µ B and 0.35 µ B in K 0.5 RhO 2 and RhO 2 monolayer, respectively.
After obtaining the converged charge and spin densities, the maximally-localized Wannier functions (WFs) are constructed from the Bloch wave-functions using the WANNIER90 package [7] . For γ-Fe x Mn 1−x , a total number of 72 WFs including all s, p, and d orbitals on four Fe/Mn atoms are disentangled from 102 bands with the frozen window extending up to 5 eV above the Fermi energy. In the case of K 0.5 RhO 2 , a single set of 48 WFs spanning the energetically well separated t 2g orbitals on the eight Rh atoms are constructed. The number of WFs in the RhO 2 monolayer is 88, including all the d-orbitals of Rh atoms and the p-orbitals of O atoms. The k-meshes used for constructing the WFs in γ-Fe x Mn 1−x , K 0.5 RhO 2 , and RhO 2 monolayer are 8 × 8 × 8, 9 × 9 × 5, and 10 × 10 × 1, respectively. Once the WFs are obtained, the optical conductivity tensors can be calculated using the Kubo formula [8] , where the main tasks are evaluating the velocity operator matrices and integrating them over the Brillouin zone. The k-meshes used for the Brillouin zone integration in γ-Fe x Mn 1−x , K 0.5 RhO 2 , and RhO 2 monolayer are 100 × 100 × 100, 100 × 100 × 100, and 200 × 200 × 1, respectively, which are sufficient to converge the results. The energy smearing parameter η = 0.1 eV is used for calculating the optical conductivities of γ-Fe x Mn 1−x , while it is changed to be η = 0.01 eV for K 0.5 RhO 2 and RhO 2 monolayer in order to present more sharp spectra around their band gaps. The optical conductivities of K 0.5 RhO 2 are scaled by the length of the crystallographic z axis such that the unit of the optical conductivities in three-dimensional systems can be reduced to e 2 /h in accordance to that of the two-dimensional RhO 2 monolayer. For metals, the intraband transition contributes significantly to the optical conductivities and the magneto-optical spectra at low photon energies (< 1 − 2 eV) [9, 10] . Therefore, the phenomenological Drude term [9, 10] , [3] ). It demonstrates that similar to the topological orbital magnetization and topological Hall effect in the disordered γ-FexMn1−x alloy, the magneto-optical effects considered here also originates from the spin chirality. The shaded area in (f) marks the concentration range that the 3Q state exists. It can be seen that the topological magneto-optical effects are not influenced strongly by alloy concentration, in contrast to the situation of spin texture.
FIG. S7. The Kerr ( K ) and Faraday ( F ) ellipticities of γ-FexMn1−x under different distortions (a)(b), spin textures (c)(d), and alloy concentrations (e)(f). The spin-orbit coupling is not included. The behaviors of ellipticities are very similar to that of rotation angles, which are presented in Fig. 3(a,b) in the main text and Fig. S5 (a-d) in this supplementary materials.
